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Abstract

This study considers the buckling of an elastic truncated conical shell having a meridional thickness
expressed by an arbitrary function, subject to a uniform external pressure, which is a power function of
time. At first, the fundamental relations and Donnell type dynamic buckling equation of an elastic conical
shell with variable thickness have been obtained. Then, employing Galerkin’s method, those equations have
been reduced to a time-dependent differential equation with variable coefficients. Finally, applying the Ritz
type variational method, the critical static and dynamic loads, the corresponding wave numbers, dynamic
factor and critical stress impulse have been found analytically. Using the results, thus obtained, the effects
of the thickness variations with a power or an exponential function, the variation of the semi-vertex angle
and the variation of the power of time in the external pressure expression are studied through pertinent
computations. It is observed that these factors have appreciable effects on the critical parameters of the
problem in the heading.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Conical shells, including circular cylindrical shells and annular plates as special cases, play an
important role in many industrial fields. There are numerous methods to find the values of static
critical loads, consistent with experimental results, for shells with constant thickness under
different boundary conditions. On the other hand, there are fewer research works about shells
with variable thickness, due to the difficulties in production and theoretical analysis. Nonetheless,
it is highly probable that these types of structural parts will be used a lot in the future due to the
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advantages of their low weights and small dimensions and the progress in their fabrication
methods. In recent years, numerous research works have been published, concerning the buckling
and vibration of shells with variable thickness. Bergman et al. [1] derived the equations of free
vibration of a hinged cylindrical non-circular shell of variable thickness. Irie et al. [2] and
Takahashi et al. [3] have analyzed the free vibration of a truncated conical shell having a
meridional thickness expressed by an arbitrary function. Ohga et al. [4,5] presented an analytical
procedure for the elastic buckling problems of thin-walled members and curved panels with
variable thickness, using the transfer matrix approach. Medvedev [6] analyzed orthotropic non-
circular shells with the objective of maximizing the lowest natural frequencies by varying the
thickness with a constraint on mass. Using a semi-analytical finite element method,
Sankaranarayanan et al. [7] and, Sivadas and Ganesan [8] have studied the effects of thickness
variation on the natural frequencies of laminated conical shells. Koiter et al. [9] have studied in
detail the buckling of the cylindrical shell with small thickness variations. Results from the
asymptotic formulas are compared with those obtained through the purely numerical techniques
of the finite difference method and the shooting method. Kang and Leissa [10] presented a three-
dimensional method of analysis for determining the natural frequencies and mode shapes of
hollow cones and cylinders. Bambil et al. [11] analyzed the transverse vibrations of an orthotropic
rectangular plate, with linearly varying thickness. Babic [12] analyzed the natural vibrations of a
conical orthotropic shell with small curvatures of the generatrix. Liew et al. have studied the
vibration behaviour of shallow conical shells and panels of uniform and non-uniform thickness
[13–17].

On the other hand, dynamic buckling problems of uniform and non-uniform thin conical shells,
under the effect of suddenly increasing pressure loads, have not been studied sufficiently. In
particular, different theoretical solutions of these problems do not conform with the experimental
results. This stems from the difficulty in theoretical solutions to consider all the factors (the
variation of the loads with time, the scattering of waves in materials, etc.) affecting the behaviour
of deformable systems under dynamic loads. Due to this fact, during recent years, the theoretical
and experimental analyses of shells under different loading conditions and the determination of
the pertinent functional relations concerning critical loads have attracted the attention of
researchers. Sachenkov and Klementev [18] have studied the dynamic stability of elastic conical
shells subjected to an external pressure, which is a linear function of time. Baktieva et al. [19] have
studied the dynamic stability of cylindrical and conical shells under the same type of loading. In
both studies it has been shown that the results found by using approximate formulas for critical
loads, taking some coefficients therein from experimental results, are acceptable.

In practical applications, liquid and wind pressures are sometimes confronted as power
functions of time, as well as linear and periodical ones. The solution of the dynamic buckling
problems of shells under such loads comprises mainly of the determination of the dynamic factor.
This factor, which is defined as the ratio of the dynamic critical load to the static one, can be
found by different methods depending on the manner in which the load varies. For example,
Shumik [20,21] has solved the buckling problems of cylindrical and conical shells subjected to a
pressure, which is a power function of time, employing the energy and Lagrange methods
applying Runge–Kutta numerical integration. Sofiyev and Aksogan [22,23] and Aksogan and
Sofiyev [24,25] have solved the same problem, analytically, using a Ritz type variational
method.
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The effect of the variation of thickness on the dynamic buckling load of a conical shell has not
been studied appreciably. The aim of the present study is to investigate the dynamic buckling of a
truncated conical shell having a meridional thickness expressed by an arbitrary function subject to
a uniform external pressure, which is a power function of time, using a Ritz type variational
method.

2. Problem formulation

Fig. 1 shows a truncated conical shell. Let the co-ordinate system be chosen such that the origin
O is at the vertex of the whole cone, on the middle surface of the shell, and s-axis lies on the
curvilinear middle surface of the cone, s1 and s2 being the co-ordinates of the points where this
axis intersects the small and large bases, respectively. The average radii of the small and large
bases are r1 and r2; respectively, h is the plate thickness and g is the semi-vertex angle.
Furthermore, z-axis is always normal to the moving s-axis, lies in the plane of the s-axis and the
axis of the cone and points inwards. y is the angle of rotation around the longitudinal axis starting
from a radial plane. Here h is a continuous and second order differentiable function of s:

For the shell described above the stress-strain relations are as follows:

ss

sy
ssy

0
B@

1
CA ¼

E

1� n2

1 n 0

n 1 0

0 0 1� n

2
64

3
75

es

ey
esy

0
B@

1
CA; ð1Þ

where ss; sy and ssy are the stress components, es; ey and esy are the strain components, E is the
elasticity modulus and n is the Poisson ratio of the isotropic material.
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Fig. 1. Geometry of a truncated conical shell with variable thickness under a uniform external pressure. - - -, linear;
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In Love’s first approximation shell theory, the strain components are given by [26–30]

½es; ey; esy� ¼ es � z
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where f ¼ y sin g; es and ey are the normal strains in directions s and y on the middle surface,
respectively, esy is the shear strain of the middle surface, and u3 is the displacement of the middle
surface in the normal direction, positive towards the axis of the cone.

The strain components on the middle surface of the shell are obtained employing the following
approximate expressions [28–30]:
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in which u1 and u2 are, respectively, the displacements on the middle surface in the directions of s

and y:
The following integrals define the force and moment resultants [26–30]:
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Introducing an Airy stress function F ; the internal forces ðns; ny; nsyÞ are given as follows:
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According to the flexural shell theory, the dynamic stability and compatibility equations for
truncated conical shells are given in the following form [27,29]:
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According to the membrane theory of shells, the dynamic buckling equation is given in the
following form with loading terms in the coefficients of the derivatives of displacement u3:
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where n0
s ; n

0
y and n0

sy are the incremental force resultants about the fundamental state. When the
displacement u3 is much less than the shell thickness, i.e., in the small displacement theory
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terms being negligible, Eq. (7) simplifies to the following form [27–31]:

@2ms

@s2
þ

2

s

@ms

@s
þ

2

s

@2msy

@s@f
�

1

s

@my

@s
þ

2

s2
@msy

@f
þ

1

s2
@2my

@f2
þ

ny

s
cot g

þ n0
s

@2u3

@s2
þ

n0
y

s

1

s

@2u3

@f2
þ

@u3

@s

 �
þ 2n0

sy
@

@s

1

s

@u3

@f

 �
� rh

@2u3

@t2
¼ 0: ð7aÞ

In cases without initial bending moment, Eq. (7a) simplifies to the following form:

n0
y

s
cot gþ rh
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where q0 is the loading parameter, q1 is the static external pressure, n is a positive whole number
power satisfying nX1 and expressing the time dependence of the external pressure. It has been
proved by numerical computations that when the duration of external loading is greater than
10�3 s, disregarding the inertia term in Eq. (7b) does not affect the results. Due to this fact, when
the shell is under an external pressure, which varies as a power function of time, Eq. (7a) yields the
following expressions:

n0
s ¼ 0; n0

y ¼ �sðq1 þ q0tnÞtan g; n0
sy ¼ 0: ð7cÞ

3. Solution of the problem

Employing Eqs. (1)–(4) and (7c) in Eqs. (6) and (7a), a pair of differential equations is obtained
for u3 and F ; which can be written in matrix form as follows:
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where the functional operators Qij (i; j ¼ 1; 2) are defined in the following manner:
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Considering the shell to be simply supported along the peripheries of both bases, the solution of
the system of Eq. (8) is sought in the following form:

u3 ¼
X

i

X
j

xijðtÞe
lZ sin j1Z cos i1f; F ¼

X
i

X
j

cijðtÞs2e
ðlþ1ÞZ sin j1Zcos i1f; ð10Þ

where xijðtÞ and cijðtÞ are time-dependent amplitudes, j1 ¼ jp=Z1; i1 ¼ i=sin g; Z ¼ lnðs=s2Þ; Z1 ¼
lnðs2=s1Þ; i is the wave number in the y direction and j is the half wave number in the s direction,
which is equal to unity for the present case. For a truncated conical shell the parameter l depends
on the geometric parameter Z1 as follows [18]:

Z1o2:7-l ¼ 1:2; 2:7pZ1p3:5-l ¼ 1:6; Z1 > 2:7-l ¼ 2:0: ð11Þ

Differentiating Eq. (8) with respect to f and s; each at a time, it is noted that, the functions involved
in them should be steeply increasing with respect to f and varying slowly with respect to s: Taking these
properties into consideration, carrying out the transformation Z ¼ lnðs=s2Þ; neglecting small terms,
multiplying the first equation by u3s22e

2Z dZ df and the second by Fs22e
2Z dZ df; considering Eq. (10) for

0pfp2p sin g and �Z1pZp0; applying Galerkin’s method and taking into consideration from the
series the terms xijðtÞ and cijðtÞ and eliminating the latter, the following equation is obtained:
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where t ¼ tcrt; tcr is the critical time and t is the dimensionless time parameter varying in the interval
0ptp1: Approximating function will be chosen as

xijðtÞ ¼ AijxðtÞ ¼ Aijt ðm þ 2Þðm þ 1Þ�1 � t
� �

expðmtÞ ð14Þ

and satisfies the initial conditions xð0Þ ¼ 0; @xð1Þ=@t ¼ 0: Here, m is an unknown coefficient and
amplitude Aij is found from the condition of transition to static condition.

Multiplying Eq. (12) by x0ijðtÞ and integrating it with respect to t; from 0 to t and from 0 to 1, in
that order, the Ritz type variational method yields the following characteristic equation for
finding the critical load [19,23]:
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in which the new constants are defined as follows:
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If expression (15) is minimized with respect to the parameter i21; after some operations the
following equation is found for finding the minimum critical load:

q0tn
cr ¼ 2C1
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B3
i21 �
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1

i61
�
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2

� �
: ð17Þ

For the static condition ðtcr-N; q0-0Þ the wave number is found as

i8st ¼ 3B2B�1
1 : ð18Þ

For q1 ¼ 0; substituting Eq. (18) into Eq. (17) and replacing q0tn
cr=C1 by qst

cr; the static critical
load is found as

qst
cr ¼ 1:7548B

3=4
1 B

1=4
2 B�1

3 : ð19Þ

For large values of q0; eliminating tcr from Eqs. (15) and (17), solving the resulting equation for
the wave parameter i1 and taking the relation i1 ¼ i= sin g into consideration, one finds

i2d ¼ B
�1=4
1 B

1=4
2 B

n=ð2þ2nÞ
4 ; ð20Þ

where id is the wave number corresponding to the dynamic critical load and the following
definition applies:
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0 r
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1 B

0:5ðnþ3Þ=n
1 B
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2

: ð21Þ

The dynamic critical load is found, putting q1 ¼ 0 and substituting Eq. (20) into Eq. (17), as
follows:

qd
cr ¼ q0tn

cr ¼ 2C1B
3=4
1 B

1=4
2 B�1

3 B
n=ð2nþ2Þ
4 : ð22Þ

The value of coefficient m for which this dynamic critical load takes its minimum value is found
as the ordinate of the minimum point of ðqd

cr;mÞ parabola and it can be shown by numerical
computations that, for an external pressure given as a power function of time, m ¼ n þ 1:
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From the definition Kd ¼ qd
cr=qst

cr; the dynamic factor is found as

Kd ¼ 1:1398B
n=ð2þ2nÞ
4 : ð23Þ

The critical stress impulse is obtained as

Icr ¼
Z tcr
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4 ½2C1B
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where
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3 r
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ðnþ2Þ=n
1 B
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1 B

0:5ðnþ1Þ=n
2

: ð25Þ

The appropriate formulae for a uniform truncated elastic conical shell are found as a special
case, by putting h¼ const: in expressions (18)–(24).

4. Numerical computations and results

The case of a conical shell, in which the thickness changes as a power or an exponential function
in the axial direction, has been considered by Irie et al. [2]. Consider a conical shell whose
thickness is expressed as (see Fig. 1)

h ¼ h2 � ðh2 � h1Þ½ð1� eZÞ=ð1� e�Z1Þ�k; k > 0; ð26Þ

h ¼ h2ðh1=h2Þ
ð1�eZÞ=ð1�e�Z1 Þ; ð27Þ

where k ¼ 1; 2; 3 correspond to the cases of linear, parabolic and cubic variations, respectively.
Computations have been carried out for the case where the material properties are E ¼

7:75
 104 MPa; n ¼ 0:3; r ¼ 3:1
 103 kg=m3; the shell parameters are h2=r2 ¼ 0:01; r1 ¼ 3

10�2 m; r2 ¼ 0:3 m and the loading parameter is q0 ¼ 500MPa=sn [18,20] by considering different
values of n and the results, thus obtained, have been presented in the form of graphs and a table.

Fig. 2 shows the values of the dynamic critical load and dynamic factor, for a non-uniform
conical shell, versus the thickness ratio h1=h2: In general, the values of the dynamic critical load
increase with an increase in the ratio h1=h2; whereas the values of the dynamic factor decrease.
When h1=h2 ¼ 1; the values of the dynamic critical load and dynamic factor for the uniform shell
are obtained. The differences among the values of the dynamic critical loads (or the dynamic
factors) for shells with linearly, parabolically, cubically or exponentially varying thickness,
increase, with a decrease in the ratio h1=h2: Even small changes in the ratio h1=h2 affect the values
of the critical parameters to a relevant extent. As examples, for the ratio h1=h2 ¼ 0:75; the
percentage differences in the values of qd

cr and Kd ; compared to the values for a shell of uniform
thickness, are, respectively: 1-Exponential variation: %16.51 and %35.8, 2-linear variation:
%15.83 and %34.22, 3-parabolic variation: %11 and %23.63, 4-cubic variation: %8.12 and
%17.33. It can be seen that the effect of thickness variation on the dynamic factor is more than
that on the critical load. Furthermore, with a decrease in the ratio h1=h2; the effect on the critical
parameters gets even greater. The effects on the dynamic critical load and dynamic factor are
almost same, when the thickness ratio is in the range 0:95ph1=h2p1:
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Fig. 3 shows the values of the dynamic critical load and dynamic factor, for different thickness
variations versus the values of the semi-vertex angle g: The values of the dynamic critical load
decrease with an increase in the semi-vertex angle g for shells with uniform and varying thickness.
It is observed that the effect of thickness variation on the values of the critical parameters does not
change with g; appreciably. Furthermore, for varying values of the ratio h1=h2 the curves in Fig. 3
shift with nearly the same form parallel to the vertical axis, but the dynamic factor takes its
minimum value for g ¼ 45� for all cases.

Fig. 4 shows the values of the dynamic critical load and dynamic factor versus the time-
dependent pressure variation. When n increases, the dynamic critical load and dynamic factor
decrease. Comparing the uniform shells with the shells of varying thickness, the importance of the
difference between the values of critical parameters can be seen. If nX3; the dynamic critical load
(or the dynamic factor) is almost unchanged when the shell thickness varies as a power or an
exponential function.

The values of the critical stress impulse corresponding to various values of the ratio h1=h2 are
presented in Table 1 for different loads. With a decrease in the ratio h1=h2; the effect of thickness
change on the critical stress impulse values increases appreciably. For example, for h1=h2 ¼ 0:6;
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compared to a shell of uniform thickness, shells of thickness varying exponentially, linearly,
parabolically and cubically have critical stress impulses differing by %46.86, %43.98, %31.68 and
%23.84, respectively. Another point to be noted is that the critical stress impulse depends on the
loading parameter (see Eq. (24)).

The same problem for uniform truncated conical shell was solved numerically, using energy
method, Lagrange equation and Runge–Kutta method by Shumik [21]. Sachenkov and
Klementev [18] solved the same problem using experimental method. The comparisons with
those methods were carried out for the following material properties and shell and loading
parameters [18,21]: E ¼ 2:11
 105 MPa; n ¼ 0:3; r ¼ 8
 103 kg=m3; h ¼ 1:3
 10�4 m; r2 ¼
8
 10�2 m; r1 ¼ 2:25
 10�2 m; n ¼ 1; m ¼ 2; q0 ¼ 225MPa=s; g ¼ 30�:

The present method gives the critical dynamic load as qd
cr ¼ 0:0764MPa and the dynamic

factor as Kd ¼ 2:9882; which are not too much different from those given as experimental
results qd

cr ¼ 0:0726MPa; Kd ¼ 2:69 [18] and those given as numerical results qd
cr ¼ 0:0736MPa;

Kd ¼ 2:8790 [21].

5. Conclusions

An investigation has been carried out on the buckling of truncated conical shells with variable
thickness, subject to a uniform external pressure, which is a power function of time. The analytical
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Table 1

Variation of the critical stress impulse values with q0 and h1=h2 (g ¼ 70�; n ¼ 1; m ¼ 2)

Icr 
 104 (MPa s)

h1=h2 Exponential Linear Parabolic Cubic

0.6 2.211 2.331 2.843 3.169

0.8 3.141 3.172 3.458 3.634

1.0 4.161 4.161 4.161 4.161
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solutions for the dynamic and static critical loads and the corresponding wave numbers, the
dynamic factor and the critical stress impulse for conical shells with varying thickness have been
found. Numerical computations were carried out for power and exponential variations of the
thickness of the shell, the variation of the semi-vertex angle and the variation of the power of time
in the external pressure expression. The results obtained were presented in the form of graphs and
a table. The fair match of the values of the dynamic critical load and dynamic factor for a uniform
conical shell with the experimental and numerical ones given in literature [18,21] has supported
the validity of the present method.

Appendix A. Nomenclature

E elasticity modulus of the isotropic material
es; ey; esy strain components on the middle surface of the conical shell
F stress function
h thickness of the conical shell
h1; h2 thickness of the conical shell at the small and large bases
i wave number in the circumferential direction
ist; id wave number corresponding to the static and dynamic critical loads
Icr critical stress impulse
j half wave number in the s direction
Kd dynamic factor
Qij functional operator
ms;my;msy moment resultants
ns; ny; nsy force resultants
n0

s ; n
0
y; n

0
sy incremental force resultants about the fundamental state

n power of time in the external pressure expression
qst

cr; q
d
cr static and dynamic critical loads

q0; q1 loading parameter and static external pressure
r1; r2 average radii of the small and large bases of the conical shell
s the co-ordinate axis through the vertex on the curvilinear middle surface
s1; s2 the inclined distances of the bases of the cone from the vertex
t; tcr time and critical time
u1; u2; u3 displacements on the middle surface in the directions of s; y and z axes
es; ey; esy strain components
g the semi-vertex angle of the cone
y the angular co-ordinate around the longitudinal axis from a radial plane
t dimensionless time parameter
l parameter that depends on the geometry of the shell
r density of the elastic isotropic material
n the Poisson ratio of the isotropic material
ss; sy;ssy stress components
xðtÞ;cðtÞ time-dependent amplitudes
z the co-ordinate axis in the inwards normal direction of the middle surface
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